
Interest Rate Models: Theory and Practice
Problem Set 3
Part A

Part A concerns no-arbitrage pricing, self-financing strategies, and the first change-of-numeraire
identities.

Problem A-1. Self-financing and discounted values

Let S = (S0, S1, . . . , SK) be the vector of traded asset prices, where S0
t = B(t) is the bank account,

and let ϕ = (ϕ0, ϕ1, . . . , ϕK) be a trading strategy with value process

Vt(ϕ) = ϕtSt =
K∑

k=0
ϕk

t Sk
t

and gains process

Gt(ϕ) =
∫ t

0
ϕu dSu =

K∑
k=0

∫ t

0
ϕk

u dSk
u.

A strategy is self-financing if

Vt(ϕ) = V0(ϕ) + Gt(ϕ), 0 ≤ t < T. (2.1)

(a) Explain carefully, in financial terms, what the self-financing condition means.

(b) Show that if ϕ is self-financing, then the discounted value process satisfies

D(0, t)Vt(ϕ) = V0(ϕ) +
∫ t

0
ϕu d

(
D(0, u)Su

)
.

(c) Explain why this discounted form is conceptually important for no-arbitrage pricing.

Problem A-2. Equivalent martingale measures and attainable claims

Suppose Q is an equivalent martingale measure, so that the discounted asset-price process D(0, ·)S
is a martingale under Q. Let H be an attainable contingent claim.

(a) State the pricing formula for the unique no-arbitrage price process πt associated with H.

(b) Take the particular claim H ≡ 1 paid at time T . Show that the pricing formula reduces to

πt = P (t, T ).

(c) Explain why attainability is the key hypothesis behind uniqueness of price here.

Problem A-3. Numeraires and the Radon–Nikodym derivative

Let N be a numeraire with associated measure QN , and let U be another numeraire with associated
measure QU . Proposition 2.2.1 states that for any attainable claim Y ,

Yt

Ut
= EU

t

[
YT

UT

]
,
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and that the Radon–Nikodym derivative is

dQU

dQN
= UT N0

U0NT
. (2.5)

(a) Explain what a numeraire is, and why changing numeraires may simplify pricing.

(b) Starting from the identity
EN
[

ZT

NT

]
= EU

[
U0ZT

N0UT

]
, (2.6)

explain how formula (2.5) arises.

(c) Explain, in words, why changing the numeraire changes the measure but not the price.

Part B

Part B concerns the numeraire toolkit, martingale examples, and the drift correction formula.

Problem B-1. Fact One and the natural martingale examples

(a) Explain why an asset price divided by its chosen numeraire should have zero drift under the
measure associated with that numeraire.

(b) Use this principle to explain why the forward LIBOR rate

F2(t) =
(
P (t, T1) − P (t, T2)

)
/(T2 − T1)

P (t, T2)

is a martingale under the T2-forward measure.

(c) Use the same principle to explain why the forward swap rate

Sα,β(t) = P (t, Tα) − P (t, Tβ)∑β
i=α+1(Ti − Ti−1)P (t, Ti)

is a martingale under the swap measure associated with the annuity

β∑
i=α+1

(Ti − Ti−1)P (t, Ti).

Problem B-2. Fact Two and numeraire invariance of price

Fact Two states that

Pricet = EB
t

[
B(t)
B(T ) Payoff(T )

]
= ES

t

[
St

ST
Payoff(T )

]
.

(a) Explain why this identity is the right formal expression of “same claim, same price.”

(b) In the special case Payoff(T ) = 1, explain how the formula reproduces the price of a zero-coupon
bond under any convenient numeraire.
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(c) Explain why the bank-account numeraire is correct but often inconvenient in interest-rate
problems.

Problem B-3. From Girsanov to the drift change formula

Let X be an n-vector diffusion. Under the measure associated with numeraire S, suppose

dXt = µS
t (Xt) dt + σt(Xt)C dW S

t ,

and under the measure associated with numeraire U suppose

dXt = µU
t (Xt) dt + σt(Xt)C dW U

t .

Assume further that under QU ,

dSt = (· · · )dt + σS
t C dW U

t , dUt = (· · · )dt + σU
t C dW U

t .

(a) Starting from
ζt = U0St

S0Ut
, (2.9)

explain why ζ is the density process relating QS and QU .

(b) Use the martingale dynamics of St/Ut under QU to derive

dζt = U0
S0

St

Ut
σ

S/U
t C dW U

t . (2.10)

(c) By comparing this with the exponential-martingale dynamics

dζt = αtζt dW U
t , (2.7)

derive

µU
t (Xt) = µS

t (Xt) − σt(Xt) ρ

(
σS

t

St
− σU

t

Ut

)′

, (2.12)

where ρ = CC ′. You may quote formula (2.11) as an intermediate step.

Problem B-4. Brownian recentering and economic interpretation

This problem is conceptual rather than computational.

(a) Explain why a Brownian motion that is driftless under one numeraire-associated measure need
not remain driftless after the numeraire is changed.

(b) Explain, in words, what is meant by “re-centering the Brownian noise.”

(c) Explain why this re-centering shows up in practice as a correction to the drift term of the
asset dynamics.

(d) In a few precise sentences, summarize the economic meaning of formula (2.12).
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